High-speed railway track defects such as rail corrugation, wheel polygonal wear, and rail fastener clip failure are closely related to the modal frequency of the track structure. As the operation time increases, the modal parameters of the track structure will change, and it is necessary to know what they are to diagnose the vibration characteristics. Present methods of modal analysis are limited by measuring points and excitations and cannot be used to extract the operational parameters of the railway track. This paper proposes a novel approach using wheel-rail excitations to identify the rail modal frequency from vibration monitoring data. The approach decomposes the rail acceleration after the wheel-rail excitation passes into intrinsic mode functions and extracts their instantaneous frequencies. The modal frequencies of the rail can be identified from the instantaneous frequencies. To demonstrate the feasibility of the approach, the results using the proposed approach are compared with the modal frequencies of the rail identified using the eigensystem realization algorithm. Then the approach is applied to study the influence of the number of wheel-rail excitations and the number of monitoring points on the identification results in high-speed railway ballastless track rail. The paper concludes that the proposed approach can provide a reliable solution for the identification of the operational modal frequency of track rails based on the monitoring data.
I. INTRODUCTION
High-speed railway (HSR) which has higher requirements on stability, smoothness, and safety than traditional rail transit has become one of the main modes of transportation today. As the service time of the HSR track system increases, defects including rail corrugation, wheel polygonal wear, and fastener clip failure result in severe vibration and noise and thus threaten the HSR operation [1] , [2] .
Field investigations found that the occurrence of these problems is closely related to the railway line condition.
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For example, fastener failure occurs on the Wuhan-Guangzhou HSR line, but it does not occur on the Beijing-Tianjin HSR line using the same vehicle and different track; The proportional of wheel polygonal wear in CRH2A vehicles operating on Guiyang-Guangzhou HSR line is larger than that of the Nanning-Guangzhou railway operating the same vehicle. Different track structures have different vibration characteristics. Therefore, these problems are related to the vibration characteristics of the track structure [3] , [4] . When the vehicle is running, there are broadband excitations between the wheels and rails, which vibrate the track structure, and the long-term resonance or anti-resonance causes the above problems [5] . As a structural component that directly contacts with the vehicle, the rail plays an important role in the vehicle-track dynamic interaction. Therefore, to diagnose and analyze the vibration characteristics and find solutions for these problems, the modal parameters (such as modal frequency, modal shape, modal damping ratio, etc.) of the HSR track rail should be figured out.
Researchers have done some research on the identification of track modal parameters using laboratory tests [6] , field tests [7] - [10] , and numerical analysis [11] , [12] . However, they have two common limitations: (1) only track modal parameters of a certain state can be obtained; (2) only track modal parameters of a certain section can be obtained.
Same as all engineering structures, the track rail is also a time-varying structure whose modal parameters, especially the modal frequencies are easily affected by fastener systems and temperature [2] , [4] . In terms of performance degradation of vehicle track systems, research considering aging and degradation for maintenance has been carried out [13] , which means that research on track rail operational modal parameters is urgently needed. In the engineering field, the extraction of operational modal parameters from sensing systems has become a research hotspot.
Researchers in bridge engineering and other engineering fields have worked on identifying operational modal parameters. Using the polyreference least squares complex exponential method (LSTE) and the stochastic subspace identification method (SSI), Hermans and Vander Auweraer extracted the modal parameters of bridges [14] . Some improved methods based on SSI have been applied to modal parameter identification of bridges and buildings [15] - [17] . A new modal parameter identification method using the free vibration responses of a bridge based on the time domain decomposition technique (TDD) was proposed by Kim et al. [18] . Yan and Ren used power spectrum density transmissibility to identify the modal parameters of a five-story building and an arch bridge [19] . Yang et al. used an analytical method to derive the dynamic responses of a bridge and identified the damping [20] , mode shape [21] , and resonance frequency [22] of the bridge based on vehicle excitation. In addition to the above traditional time-domain methods, time-frequency domain methods [23] , artificial neural networks (ANN) [24] and Bayesian analysis [25] have been used to identify the modal parameters of bridges. There is some related research in other engineering fields as well. For example, the PolyMAX method was used to identify the modal parameter of a stadium using the excitation of a football game [26] . Based on SSI, the modal parameters and damage of two masonry structures were identified by Ramos et al. [27] . Uehara and Sirohi used the natural excitation technique (NExT), eigensystem realization algorithm (ERA), and complexity pursuit to extract the modal properties of a rotor blade [28] . Jiang et al. proposed the PolyMAX method to identify the modal parameters of a lightweight and high-speed structure [29] . Operational modal identification based on Bayesian analysis [30] , [31] and time-frequency [32] analysis is also widely used in engineering structures. Deep learning and convolutional deep belief networks are also applied to health diagnosis [33] , [34] .
At this point, there is little research in the field of HSR track engineering. The current monitoring of railway tracks concentrates on track condition diagnosis, state assessment, and prediction using a large amount of data including stress, strain, displacement and acceleration data [35] , [36] . This circumstance leads that the theoretical research in the railway field is still staying in the status that the track mechanical model and analysis are carried out using the design parameters. Besides, there are fewer monitoring points in the railway track, and any sensor degradation will increase maintenance cost [37] . We can identify the modal parameters of the track structure and establish the correlation between the monitoring data and the theoretical model to reduce the error.
Some problems should be solved before identify the operational modal parameters of the HSR track. The first one is that different from the above structures, the track rail is a spatially longitudinal and continuous structure; the operational excitations of the track are wheel-rail forces that do not have white noise characteristics, and therefore the conventional modal identification method by using ambient excitations is not feasible. The second one is that there are some objective obstacles in the HSR track, such as the short maintenance time, long track, complexity of field testing (experimenters must communicate with the railway management department, the operation department, and the service department), etc. And also, it is not feasible to set up a large number of sensor measuring points on the HSR track.
Recently, the method of identifying the instantaneous frequency using the dynamic response of a point on the structure has gradually emerged. These methods firstly decompose the multi-component acceleration signals into single-component intrinsic mode functions (IMFs) using the mode decomposition method, and then, identify the instantaneous frequency of the IMFs using time-frequency analysis method. Among all the mode decomposition methods, variational mode decomposition (VMD) [38] is gradually well-known because it can overcome the shortcomings of modal aliasing [39] , [40] ; Among all the time-frequency analysis method, synchrosqueezed wavelet transform (SWT) [41] is widely used because it can obtain time-frequency distribution curves with high frequency accuracy [42] , [43] .
This paper proposes a novel approach to identify the rail modal frequency from wheel-rail excitation (MFIM), using the variational mode decomposition and synchrosqueezed wavelet transform methods. We use the approach to process rail acceleration data obtained from track monitoring and identify the modal frequency of the rail.
The paper is organized as follows. Section 2 explains the approach and Section 3 describes a low vibration track model and uses the eigensystem realization algorithm (ERA) to identify the modal frequency of the rail. Then it compares the ERA results with the MFIM results. Section 4 analyzes the influence of the number of wheel-rail excitations and the number of measuring points on the modal frequency identification and proposes suggestions for the monitoring measuring points.
II. A NOVEL APPROACH OF RAIL MODAL FREQUENCY IDENTIFICATION FROM WHEEL-RAIL EXCITATION
The basic idea of the approach is shown in Fig.1 . The first step is to find and extract the rail acceleration after the wheel-rail excitation passes. The second step is to initially identify the order of the IMF of the signal using continuous wavelet transform (CWT) and empirical mode decomposition (EMD). The third step is to decompose the acceleration signal into k-order IMFs using VMD and the fourth step is to identify their instantaneous frequencies. Due to the wide response range of the HSR, when the adjacent two-order modal frequencies are close and their responses are small, IMFs may have multicomponents, and it is necessary to return to the second step to decompose the multi-component IMF. If all IMFs are singlecomponent signals, we can carry out the fifth step: extract the instantaneous frequency of each IMF. In the sixth step, the instantaneous frequencies of the rail and the power spectral density are plotted on the stabilization diagram. Finally, we can identify the modal frequency of the rail by combined its instantaneous frequencies with the PSD. The fundamental problem of the approach is whether the influence of wheel-rail excitation can be weakening, and the vibration characteristics of the rail can be extracted. Therefore, it is necessary to analyze the dynamic response of the rail under the wheel-rail excitation. After that, we introduce the VMD and SWT methods.
A. ANALYSIS OF RAIL RESPONSES UNDER THE WHEEL LOAD
The rail is a continuous long-beam structure. Wheel-rail excitations always exist, so in theory, there is no free vibration on the rail. However, because of the elastic support systems below the rail, the rail directly below the wheel has the largest response, whereas farther from the wheel, the response is almost 0. An elastic foundation beam model can be used to analyze the rail response under the wheel load. The model of the rail dynamics is shown in Fig.2 , and the wheel-rail excitation is considered a moving load. Its dynamic equation of the rail can be expressed as:
where E r I is the bending stiffness of the rail (Nm 2 ); m is the mass of the rail per meter (kg/m); c is the track damping per meter (Ns/m 2 ); k is the track stiffness per meter (N /m 2 ). Now, we introduce the moving wheel load Qδ(x − vt) and a dimensionless variable s:
where λ can be expressed as
). An equation about s can be obtained by combining (2) with (1):
in which:
where λ is the inverse of k; α is the ratio between actual speed and critical speed, and β is the ratio between actual damping and critical damping. The solution to (3) can be found in Esveld [44] . The analysis of the displacement response of the rail under the wheelrail excitation indicates that the rail response is the highest at the position below the wheel (kx = 0). When kx ≥ 5, the effect of wheel-rail excitation on the rail is minimal and, indeed, can be negligible [45] .
When vehicles are running on the track, the wheel-rail vibration is large because of various kinds of track irregularities, and the acceleration of the rail below one vehicle wheel can often reach 50g or higher. However, due to the limited range of influence of the wheel loads, after the vehicle passes a certain position on the rail, the forced vibration at that point will decay rapidly, and the free-attenuation vibration will dominate the rail response. The influence of the external excitation will reduce, and the natural frequency of the rail will be more easily identified. This idea is also applied to discrete structures (such as bridges [18] ) to identify the modal parameters of structures.
We compare the rail acceleration after the vehicle passes to the full-time acceleration of the rail to support the above proposal in Section3.
B. VMD METHOD
The main purpose of VMD is to decompose the input signal into a series of mono-component signals. The input multi-component signal is generally composed of k IMFs and can be written as:
where u k (t) is the kth IMF, with a finite frequency bandwidth and center frequency. Each IMF has sparse characteristics in the frequency domain. In this study, VMD is used to decompose the acceleration of the rail into a series of IMFs, which are then used for the identification of instantaneous frequency by SWT. The main steps of VMD can be expressed by the following equations [34] , [35] :
where u k (t) and ω k are the kth IMF and its center frequency, respectively. The IMF u k (t) and its center frequency are written as:
Then the steps of the variational problem are the following:
(1) The intrinsic mode update is carried out.
(2) The center frequency of the IMF is updated.
(3) The Lagrangian multiplier is updated.
C. SWT METHOD
The wavelet transform of the signal x(t) can be expressed as:
where a is the scale variable; b is the translation variable, andψ is the complex conjugate of the mother wavelet. For any time-scale on the CWT spectrogram, the instantaneous frequency of the signal can be estimated by the wavelet coefficient's derivation:
where i is the imaginary unit. The wavelet coefficients can be converted from the time-scale domain (b, a) to the timefrequency domain (b, ω x (a, b)). The next step is to reassign (squeeze) the value of the time-frequency domain result. To do so, the wavelet transform W x (a, b) is calculated for all the discrete points a j ( a j − a j−1 ) in the time-frequency plane. Then the wavelet coefficient is squeezed in a certain frequency range
around the discrete point. The SWT is defined as [41] - [43] :
At each time scale, the result of (11) makes energy distribution in the time-frequency domain more concentrated.
III. A NUMERICAL EXAMPLE
In this section, we establish a numerical track model to investigate the feasibility of the proposed approach. First, the modal frequency of the model is identified using the ERA method as the control group. Then, the wheel-rail excitation is applied to the track model, and the rail acceleration responses are extracted. The modal frequencies of the rail are identified by MFIM as the studied group.
A. A ESTABLISHMENT OF THE LOW VIBRATION TRACK MODEL
The model (shown in Fig.3 ) consists of rail, elastic support blocks, fasteners, rubber mats, and wheel-rail loads (as external forces). The rail is considered a simply supported Euler beam, and its equation can be written as follows: where x j is the position of P j and can be calculated as:
where t is the time before the first wheel-rail excitation moves on the beam, and δ is the Dirac function, which can be expressed as :
In the numerical model, we assume that the first wheel enters the track at t = 1s; therefore, the location of each wheel can be expressed as:
where x dv is the length between bogie centers, and x da is the length between the wheel centers. The values of the two parameters are 12.5m and 2.5m, respectively. The equation of the concrete block can be expressed as:
where Z r (x, t) denotes the deflection of the rail at time t, and in the position x; N is the number of the fastener (from left); x i = ix db is the coordinate of the ith support block, where x db is the fastener spacing; Z bi (t) denotes the vertical displacement of the ith elastic support block at time t; F cbi is the force provided by the ith elastic support block; p j represents the wheel-rail force of the jth wheel. To introduce the regular coordinates of the rail, we apply the regular modal function of the rail:
The solution of (17) can be written as:
We select the rail mode cut-off order NM, substitute (18) into (12) , multiply Y h (t)on both sides of the equation, and integrate x from 0 to l, using the orthogonality of the rail to obtain the following equation:
For these:
Finally, the vibration equation of the rail for the coordinates can be obtained from (19):
F cbi can be expressed as:
The vibration equation of a single concrete block is:
The parameters used in the model are shown in Table 1 . Two kinds of wheel-rail excitations (shown in Fig.4 ) with different spectral characteristics are used in the model. Excitation 1 has the following peaks: 2Hz, 10Hz, 30Hz, 45Hz, 58Hz, 175Hz, 292Hz, and 446Hz. Excitation 2 has different peaks: 30Hz, 63Hz, 94Hz, 128Hz, 192Hz, 256Hz, 320Hz, 384Hz, 420Hz, and 448Hz. When the structure is excited by wheel-rail forces, the responses will be affected by these excitations, so the interference of these peaks can be used to examine the accuracy of MFIM.
B. MODAL FREQUENCY IDENTIFICATION BY ERA
From (22)∼(24), we observe that the stiffness matrix and damping matrix of the track model are non-diagonal matrices. It is difficult to obtain the theoretical modal frequency by solving the eigenvalues of the model matrices. Therefore, we use the ERA method [46] . To obtain the rail modal frequency, we use two measuring point scheme conditions. The first condition is set up 159 points, and the rail is equally divided into 160 segments 0.3125m apart (shown as Fig.5(a) ). Fourteen measuring points are randomly selected as exciting points. The second condition is set up 199 points (shown in Fig.5 (b) ), with 16 measuring points randomly selected as exciting points.
The calculation time is 1s, and the sampling interval is 0.000025s (with the sampling rate of 40000Hz). The pulse excitation force can be expressed as:
where A is the amplitude of the excitation, and t is the excitation duration. Based on the orange dots (i.e. the frequency, damping, and mode shape are all stable) and blue dots (i.e. that the frequency and damping are stable) and the frequency response functions of the rail, the modal stabilization axes are drawn in Fig.6 . If two adjacent modal frequencies are too close (less than 10Hz), then they are considered one mode. Finally, we obtain 11 modal frequencies of the rail. The identification results are shown in Table 3 . VOLUME 7, 2019 
C. EFFICACY OF MODAL FREQUENCY IDENTIFICATION USING MFIM
To consider the effect of the excitation speed, we set three conditions (shown in Table 2 ). The calculation time is 5s, and the sampling frequency is 1000Hz. We extract dynamic responses at three random measuring points on the beam: 0.46875L, 0.6L and 0.8L respectively. Fig.7 shows some acceleration results. The signal data after the last wheel passes are extracted to identify the modal frequency of the rail. Fig.8 compares the full-period rail acceleration with the acceleration after the last wheel passes. The blue boxes in the figure represent the peak value of the wheel-rail excitations. As can be seen from the figure that when only the rail acceleration after the last wheel pass is analyzed, the amplitude away from the rail modal frequency (i.e. peak values of 30Hz, 128Hz, 192Hz, 256Hz, 320Hz, 384Hz, and 420Hz) will decrease, whereas the amplitude near the rail modal frequency will increase (peak value 63Hz). This finding is consistent with the analysis in Section2.
First, we use the CWT and EMD method on the acceleration data, and the result shows that the number of IMFs is 10. Then, 10 is used as the input parameter of VMD and IMFs can be obtained as Fig. 9 . The abscissa represents the time (s) and the ordinate represents the acceleration (m/s 2 ). SWT is performed on the 10 IMFs from VMD respectively to obtain the time-frequency distribution diagram (one of the time-frequency distribution diagrams is shown as Fig.10 ). We select the maximum norm of wavelet component as the instantaneous frequency of each discrete time (the blue line in Fig.10 ) and remove the low norm (we set 1 × 10 −9 as the threshold, which means that when the norm is less than 1 × 10 −9 , there is almost no vibration at this time, and the instantaneous frequency is 0).
After obtaining the instantaneous frequencies of all IMFs at each measurement point, we plot the instantaneous frequencies of all IMFs of three measurement points on the same diagram. Finally, we can obtain the instantaneous frequency lines of each IMF, as shown in Fig.11 .
The abscissa in the figure indicates the frequency (Hz) and the ordinate represents the time (s). The blue dots in each column represent the instantaneous frequencies of every discrete time point of a certain IMF. If two columns of blue points are close to each other (i.e. the differences in frequency is less than 5Hz), we take the average value as the modal frequency. We also take the peak and valley of the power spectrum curve into consideration. Since there are subjective errors when selecting the modal frequency and because of the error of the modal frequency identification itself, we think that an identified modal frequency differing from the theoretical result by less than 5% is the ideal result. The figure shows the following:
(1) The low-order modal frequencies of the rail are dense and only 11 orders of modal frequency can be identified. This is because the bending stiffness of the rail is lower than that of the fastener and the low-order modal frequency is mainly affected by the supporting stiffness. (2) In condition 3, two instantaneous frequency bands occur around 30Hz. This is caused by the amplitude of the wheel-rail excitation 2 around 30Hz. (3) Two modal frequencies are close to each other near 70Hz and 165Hz. The frequency response curves of the rail near 65Hz and 165Hz are wide, and there are multiple modes in these two positions. (4) In the range of 200∼300Hz, the number of modal frequencies identified by condition 1 and condition 2 is less than identified by condition 3. Wheel-rail excitation 2 has more energy in the high-frequency range; therefore, higher-order modal responses are larger and the frequencies are easier to identify.
(5) After 400Hz, there are still instantaneous frequency bands because the acceleration of the rail is mainly affected by the wheel-rail excitation. The results of modal frequency identification and their comparisons with ERA identification results are shown in Table 3 . We observe that there are still three orders of modal frequency that cannot be captured: 250Hz, 322Hz, and 338Hz. This may be due to the low wheel-rail excitation energy in high frequency, resulting in a low modal response in which VMD cannot decompose into IMFs. We analyze the influence of wheel-rail excitations in Section 4.
The deviation between them is shown in Fig.12 . We observe from the figure that the modal frequency identified by wheel-rail excitation float above and below the modal frequency identified by the ERA method. In the low-order mode, the modal frequency identification deviation is up to 10% under a single calculation condition, but the average error is within 5%. In the high-order mode, the modal frequency deviations for the three calculation conditions are all within 5%, and the deviation of average results is further reduced. The comparison shows that MFIM can effectively identify some modal frequencies of the rail from wheel-rail excitation.
IV. APPLICATION OF THE APPROACH
The original purpose of the proposed approach is to extract the modal frequency of the rail from the HSR monitoring system. Therefore, in this part, we study the influence of wheel-rail excitations and schemes of measuring point on the modal frequency identification results in the HSR ballastless track rail.
A. ESTABLISHMENT OF SLAB TRACK MODEL
The ballastless track model is shown in Fig.13 . The equation of the rail and the fastener support force is the same as (22) and (23) , respectively. The track slab is considered as a free beam on the elastic foundation and its equation is 
where M s is the mass of the track slab; c c and k c are the distribution damping and stiffness of the CA mortar, respectively; E s I s is the bending stiffness of the slab; β n is a constant in the free beam mode function X n [47] . L s is the length of the track slab; S n is the regular coordinate, and its equation is expressed as:
Then, (22) and (26) can be written as:
The parameters used in the model are shown in Table 4 . Five kinds of wheel-rail excitations (shown in Fig.14) with different spectral characteristics are used in the model. The moving speed of the excitations is 100 m/s. We extract dynamic responses at five random measuring points on the beam: 0.5l (above the fastener), 25.3125m (mid-span of two fasteners), 25.15625m (quarter-span of two fasteners), 12.65625m, and 6.40625m, respectively.
B. INFLUENCE OF THE NUMBER OF WHEEL-RAIL EXCITATIONS AND MEASURING POINTS ON IDENTIFICATION RESULTS
We use the approach to process the rail acceleration extracted by five measuring points under five wheel-rail excitation conditions. The identification result is shown in Fig.15 .
As can be seen from the figure, a total of eighteen order modal frequencies are identified. To study the influence of the number of measuring points and the number of wheel-rail excitations on the identification results, we show the results of using one measuring point to all five measuring points on Fig.16 , and the results of using one wheel-rail excitation to all five excitations on Fig.17 .
We observe from Fig.16 that one-order modal frequency cannot be identified using only one measuring point, but all the modal frequencies can be identified using two and more measuring points. When the number of measuring points is three, the deviation reduces to 1%.
As can be seen from Fig.17 , all modal frequencies can be identified only if the number of wheel-rail excitations is larger than three. When that number is four, the deviation reduces to 1%.
We can conclude from the above analysis that the number of wheel-rail excitations has a larger influence on the identification results. The more the rail response data under the different wheel-rail excitations obtained, the higher the accuracy of rail modal frequency identification. The number of measuring points has less influence than that of wheel-rail excitations on the modal frequency identification.
V. CONCLUSION
This paper proposes a novel approach for identifying the modal frequency of the track rail from wheel-rail excitation. The approach can extract the modal frequencies of the rail by using the vibration data from several measuring points on the rail. The paper validates the reliability of MFIM using a low vibration track model. Then this paper uses the approach to identify the modal frequencies of the HSR ballastless track rail and analyze the influence of the number of wheelrail excitations and the number of measuring points on the identification results. It can be concluded that:
1) By using the rail acceleration after the wheel-rail excitations pass, the influence of the main frequencies of the wheel-rail forces on the rail acceleration can be effectively reduced, which is beneficial to the identification of the modal frequency of the track rail itself.
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